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Introduction

o Learning (properties of) quantum states as efficiently as possible is a fundamental task in
quantum information

@ There is a lot of recent work on learning continuous variable (CV) states (eg. Mele, Mele,
et al. 2024; Zhao, Liao, et al. 2024; Bittel, Mele, et al. 2025; Fanizza, lyer, et al. 2025)

@ Most sample and time efficient learning algorithms work for Gaussian or near-Gaussian
states

@ Learning a generic n-mode CV state requires ~ (energy)” samples (Mele, Mele, et al.
2024)
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Our goal
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@ Motivated by an open problem proposed
in Aaronson and Grewal 2023, we start
with BosonSampling states — HHH— —HF

n mode Fock state
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Overview

© First, we solve a concrete problem
Background

Problem statement

Solution in perfect knowledge case
Error analysis

Final theorem statement
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Background |

@ A bosonic system of n modes is described by the creation and annihilation operators

al,...,an,aJ{,...,aL
e Equivalently, by position and momentum operators r = (x1,...,Xn, P1,-- -, Pn)

@ These obey the CCR [r;, rj] = i€;;, with

0 I
2= (% o)
@ A unitary transformation must perserve the CCR

Urtt UrUT) = Ulr, fU' = UQUT = iQ;
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Background Il

A unitary transformation is called Gaussian if it acts affinely on r

Z/l;drﬂ/{&d =d; + Z S,-jrj
J

e To preserve the CCR, S must satisfy SQST = Q

S € Sp(2n,R) = {5 € GL(2n,R) | $QST = Q}

Easy to see the composition Us glUr e = Usr Rd+e

Thus, the group of Gaussian unitaries is Sp(2n, R) x R?"
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Problem statement (Aaronson and Grewal 2023)

@ Let |f) denote an unknown Fock state on n modes,
f=(f,...,f) eNJ

@ Let Us denote a Gaussian unitary specified by an unknown
matrix S € Sp(2n,R)

o Let [¢) =Us|[F)
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Problem statement (Aaronson and Grewal 2023)

@ Let |f) denote an unknown Fock state on n modes,

f=(f,....f,)eN] |f1) — — —lg1)

. . . 1f2) — i —|g2)

@ Let Us denote a Gaussian unitary specified by an unknown A || | g3)
matrix S € Sp(2n,R) — Us ug .

o Let [) = Us|f)

@ Given N copies of v, we want to learn v to € precision - — —

e Find a g and Q such that ](g\lxlglxlg f)|>1—¢
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Problem statement (Aaronson and Grewal 2023)

@ Let |f) denote an unknown Fock state on n modes,

f=(f,....f,)eN] |f1) — — —lg1)

. . . 1f2) — i —|g2)

@ Let Us denote a Gaussian unitary specified by an unknown A || | g3)
matrix S € Sp(2n,R) — Us ug .

o Let [) = Us|f)

@ Given N copies of v, we want to learn v to € precision - — —

e Find a g and Q such that ](g\Z/lZ,Z/lg f)|>1—¢

@ How large must N be? Want it be be < poly(energy)

What is the measurement scheme?

@ How hard is the classical postprocessing?  Want it be be < poly(n)
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Analogous fermionic problem

@ The analogous fermionic problem was solved in Aaronson and Grewal 2023

@ Crucial difference: fermionic Fock states are Gaussian, bosonic Fock states are highly
non-Gaussian
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Moments

@ We will solve this problem with moments

2t
A§17-~)‘7it;j1,...xjt = <w| Fiy -« Figljy - - - Ty ‘1/}> 5

2t
Ao = (Fl i iy, |F)
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Moments

@ We will solve this problem with moments

2t
A§17-~)-7it;j1,...Jt = <w| Fiy -« Figljy - - - Ty ‘1/}> 5

2
AS i = (Fl 1 rict 1 £

@ How do you measure moments? For the purposes of this talk, the upshot is that poly(1/¢)
copies suffice to learn the moments to e precision (Welsch, Vogel, et al. 1999)

J. losue et al. (arXiv:2510.01610) Boson learning Solution in perfect knowledge case 8/28


https://arxiv.org/abs/2510.01610

Moments

@ We will solve this problem with moments

2t
A§17-~)-7it;j1,...Jt = <w| Fiy -« Figljy - - - Ty ‘1/}> 5

2
AS i = (Fl 1 rict 1 £

@ How do you measure moments? For the purposes of this talk, the upshot is that poly(1/¢)
copies suffice to learn the moments to e precision (Welsch, Vogel, et al. 1999)

@ For the rest of this section, we will assume that the moments are known perfectly
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Moment transformations

@ Recall S € Sp(2n,R) acts as
I/{;r,'l/ls = ZSUrj

J
@ How do moments transform under arbitrary Gaussian unitaries?

2t
517)’tJ17 <f’U5r,1...r,-trjl...rjtus‘ﬂ
= Z Sivky -+« Sieske Sjitr -+ - Sy (Fl rey - Mty - 1o |F)

2
(S®t/\( t)5T®t)11, NIH PN
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Passive moment transformations

o Recall W € U(n) acts as
Upyaittw = Z Wia

@ How do moments transform under passive Gaussian unitaries?

-2t
Tl eoegitifiseet < ’a’l' -di,d Jl ‘¢>

2t
(U(() ))i1, it 1yt — <f‘ i - 'aitaJJ'rl T af: ‘f>

o0 — Wot, (2t) wiet
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Reducing the problem

@ By using second moments and linear algebra, we can reduce the problem to when the
Gaussian unitary is passive and the Fock state is |b, ..., b)

o If we were dealing with Gaussian states, this would be sufficient
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Reducing the problem

@ By using second moments and linear algebra, we can reduce the problem to when the
Gaussian unitary is passive and the Fock state is |b, ..., b)

o If we were dealing with Gaussian states, this would be sufficient

@ But for us second moments are now useless — easy to check that for f = (b,..., b),
o = (b+1)I

o Therefore, (@ = Wa[()z)WT = 0(()2), so we learn nothing about W by measuring second
moments
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Reducing the problem

@ By using second moments and linear algebra, we can reduce the problem to when the
Gaussian unitary is passive and the Fock state is |b, ..., b)

o If we were dealing with Gaussian states, this would be sufficient

@ But for us second moments are now useless — easy to check that for f = (b,..., b),
o = (b+1)I

o Therefore, (@ = Wa[()z)WT = 0(()2), so we learn nothing about W by measuring second
moments

@ So now we use fourth moments, o4
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Learning algorithm

Given the fourth moments ¢(*) = W®2a(()4) W1®2 for the state Uy |b, ..., b), determine W J
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Learning algorithm

Given the fourth moments ¢(*) = W®2a(()4) W1®2 for the state Uy |b, ..., b), determine W J

(4)

e Because oy is a matrix on (C")®2, we can represent it in bra-ket notation using the
standard basis |1),...,|n) of C"

n

ot = (b+1)%(I+ Uswap) — b(b+1) >_ [i.i) (i, ],
i=1
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Learning algorithm

Given the fourth moments o(*) = W®2a(()4) WT%2 for the state Uy |b, . .., b), determine W J

(4)

e Because oy is a matrix on (C")®2, we can represent it in bra-ket notation using the
standard basis |1),...,|n) of C"

0(()4):(b-|—1) (I+ Uswap) — b(b+ 1) Z|Il (i,il,

e Denote the i column vector of W by |w;). Given access to o®), we can thus form the

matrix
A= ST L - ((b+ 121+ Uswar) — o®)
(Iwi) @ |wi))((wil @ (wil),
i=1
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Learning algorithm

Given access to a matrix A =>""_, (|Jw;) @ |w;))((w;| @ (w;
permutations)

), learn |w;) (up to phases and J
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Learning algorithm

Given access to a matrix A =>""_, (|w;) @ |w;))((wi| ® (w;]), learn |w;) (up to phases and
permutations) J

@ Unitarily diagonalize A and take the +1 eigenvalues — we learn the eigenspace
span{|wi) @ [wy) | i = 1,...,n}
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Learning algorithm

Given access to a matrix A= 1. (|wi) @ |wi))((wi] & (i]), learn |w;) (up to phases and
permutations)

@ Unitarily diagonalize A and take the +1 eigenvalues — we learn the eigenspace
span{|wi) @ [wy) | i = 1,...,n}

@ A numerical diagonalization routine will return the vectors

W) =D Uy lwy) @ |wj) = |Uyle" [wy) @ |wj)
j=1

Jj=1

@ The unitary U is totally arbitrary and unpredictable
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Learning algorithm

4

Given access to the vectors |;) = Y7, |U;i|€'%¥ |w;) ® |w;) with U, ¢ unknown and arbitrary,
learn |w;j) (up to phases and permutations)
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Learning algorithm

Given access to the vectors | ;) = Z}'zl\Uﬂeid"’f |wj) ® |w;) with U, ¢ unknown and arbitrary,
learn |w;j) (up to phases and permutations)

@ Schmidt decomposition theorem: once we have |W;), the |Uj| are unique up to reordering

@ So we can perform the Schmidt decomposition (via SVD) to learn all the |w;) up to
phases

Subtlety: see Slide 42
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Learning algorithm

Given access to the vectors | ;) = Z}'zl\Uﬂeid’ff |wj) ® |w;) with U, ¢ unknown and arbitrary,
learn |w;j) (up to phases and permutations)

@ Schmidt decomposition theorem: once we have |W;), the |Uj| are unique up to reordering

@ So we can perform the Schmidt decomposition (via SVD) to learn all the |w;) up to
phases

@ We define V to be the unitary matrix whose columns are precisely these learned vectors

@ By construction, V is equal to W up to a permutation of its columns and global phases
applied to the columns

Subtlety: see Slide 42
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Learning algorithm

@ In other words, we have learned the matrix V = W®P, where ® is some arbitrary
diagonal unitary matrix, and P is some arbitrary permutation matrix

o It follows that the state Uy |b...b) is the same as Uy |b. .. b) up to an irrelevant global
phase, thereby completing the learning algorithm
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Error bounds

@ Thus far, we have assumed perfect knowledge of the moments
@ In practice, because we have a finite number of samples to measure, there will be an error

O_(Zt)/ _ O_(Zt) + 52tE(2t) ||E(2t)” <1
/\(2t)/ _ /\(2t) + 52tF(2t) HF(Zt)H <1

@ How do we deal with this?

Lots of perturbation theory and linear algebra

@ A few interesting parts
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Passive theorem

Theorem

o Let |¢p) =Uw |f) for an unknown unitary W € U(n) specifying an arbitrary passive
Gaussian unitary and an arbitrary unknown Fock state |f)

o Suppose our measurements (@' o4 of the moment matrices 0(®, 5(*) satisfy
||U(2t)/ - U(Zt)H < €94

@ Then we can efficiently find a V € U(n) and g such that

Y[l

flul >1 - —— %

with

v = e (32\/6,72(3 2 +5 1 Flle +2) + 4n) +2V5egn
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General theorem

Theorem

o Let 1)) = Us |f) for an unknown symplectic matrix S € Sp(2n,R) specifying an arbitrary
Gaussian unitary and an arbitrary Fock state |f)

o Suppose our measurements N2’ N*) of the moment matrices A&, AN*) satisfy
H/\(zt)/ _ /\(2t)H < &9y

@ Then we can efficiently find a Q € Sp(2n,R) and g such that
[(F|ultiq |g)| > 1~ O(ve’nl|fl,)

with

7= O3/ 2 V2 S|4 |12, + eqnl S| I1F27)
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Number of measurements

@ Recall that moments can be measured to precision £ with poly(1/e) measurements
(Welsch, Vogel, et al. 1999)

@ From this and our theorems:

Theorem
Let [1p) = Us |F) for an unknown symplectic matrix S € Sp(2n,R) specifying an arbitrary
Gaussian unitary and an arbitrary Fock state |f).

Using poly(n, ||f||. . ||S||) copies of 1)), with probability at least 1 — m our algorithm
learns |¢) to fidelity at least 1 — po%y(n)
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Number of measurements

@ Recall that moments can be measured to precision £ with poly(1/e) measurements
(Welsch, Vogel, et al. 1999)

@ From this and our theorems:

Theorem
Let [1p) = Us |F) for an unknown symplectic matrix S € Sp(2n,R) specifying an arbitrary
Gaussian unitary and an arbitrary Fock state |f).

Using poly(n, ||f|. . [|S||) copies of |1)), with probability at least 1 — m our algorithm
learns |¢) to fidelity at least 1 — po%y(n)
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Number of measurements

@ Recall that moments can be measured to precision £ with poly(1/e) measurements
(Welsch, Vogel, et al. 1999)

@ From this and our theorems:

Theorem
Let [1p) = Us |F) for an unknown symplectic matrix S € Sp(2n,R) specifying an arbitrary
Gaussian unitary and an arbitrary Fock state |f).

Using poly(energy) copies of 1), with probability at least 1 — po%)(n) our algorithm learns |1))
to fidelity at least 1 — %
poly(n)
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Overview

© Why did our solution work? G; states
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Gaussian states

Definition
A Gaussian state is a thermal or ground state of a Hamiltonian that is quadratic in the
quadrature operators

Theorem

Gaussian states are fully specified by their first two moments

Proof.
Let p be an arbitrary state and let pg be a Gaussian state whose first and second moments
match those of p. Then S(pg) > S(p) with equality iff p = pg. O

Gaussian states are maximum entropy states subject to constraints on their first two
moments

J. losue et al. (arXiv:2510.01610) Boson learning Final theorem statement 21/28


https://arxiv.org/abs/2510.01610

G; states

Definition

a G; state is a thermal (or ground) state of a (non-degenerate) Hamiltonian that is degree t in
the quadrature operators

@ A G; state is fully specified by its first t moments
@ The proof of this in the mixed state case is totally analogous to the Gaussian (t = 2) proof

@ How about the pure state case?
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Pure G; states

@ Suppose 1) is a G; state; it is the ground state of H = Z,-a,-/\Aﬂ,- where I\Aﬂ,- are degree < t
operators
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Pure G; states

@ Suppose 1) is a G; state; it is the ground state of H = E,-a,-/\Aﬂ,- where I\Aﬂ,- are degree < t
operators

(¥ H ) = min Za,- (6| M |)

i
- mlrpngg,.-' zi:aimi st do, <¢’ Mi; ‘¢> = m;
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Pure G; states

@ Suppose 1) is a G; state; it is the ground state of H = E,-a,-/\Aﬂ,- where I\Aﬂ,- are degree < t
operators

(¥ H ) = min Za,- (6| M |)

- mlr,nnlg,.-' zi:aimi st do, <¢’ Mi; ‘¢> = m;

@ Because H is non-degenerate, any state with the matching moments is v
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Relevance to the learning algorithm

A Fock state |f) is a G4 state; it is the ground state of

H=> (54— £)?

@ The set of G; states is closed under the action of Gaussian unitaries (because they act
affinely)
@ Therefore, Us |f) is a G4 state

The first four moments suffice to learn the state

J. losue et al. (arXiv:2510.01610) Boson learning Final theorem statement 24 /28


https://arxiv.org/abs/2510.01610

Learning G; states

@ There is some way of learning a G; state by measuring only the first t moments (for
bosons, fermions, and qudits)

e If t is constant, there is only poly(n) numbers to measure — can this give efficient
algorithms to learn arbitrary constant t G; states?
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Learning G; states

@ There is some way of learning a G; state by measuring only the first t moments (for
bosons, fermions, and qudits)

e If t is constant, there is only poly(n) numbers to measure — can this give efficient
algorithms to learn arbitrary constant t G; states?

e Main difficulty: if the moments are known to & precision, what is the error () in the
reconstructed state?

e For our algorithm we showed f(g) ~ poly(1/¢); can we show this to be generally true?
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Overview

@ Outlook
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Summary

@ By going beyond second moments, we found a sample and time efficient algorithm to
learn BosonSampling states

@ Solves open problem left by Aaronson and Grewal 2023
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Summary

@ By going beyond second moments, we found a sample and time efficient algorithm to
learn BosonSampling states

@ Solves open problem left by Aaronson and Grewal 2023

@ We construct an infinite set of Gaussian invariants for generic bosonic states using
classical invariant theory of the action of symplectic group on moments, relevant for state
conversion (Chabaud, Markham, et al. 2020; Hahn, Ferrini, et al. 2024)
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Summary

@ By going beyond second moments, we found a sample and time efficient algorithm to
learn BosonSampling states

@ Solves open problem left by Aaronson and Grewal 2023

@ We construct an infinite set of Gaussian invariants for generic bosonic states using
classical invariant theory of the action of symplectic group on moments, relevant for state
conversion (Chabaud, Markham, et al. 2020; Hahn, Ferrini, et al. 2024)

@ Lots of possible extensions!
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Extensions

@ Our algorithm generalizes to a slightly larger class of states, and fails interestingly in other
places

@ Certain classes of states hide information from lower moments

@ Invariants and generalizations of Wick's theorem
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Extensions

Our algorithm generalizes to a slightly larger class of states, and fails interestingly in other
places

@ Certain classes of states hide information from lower moments
@ Invariants and generalizations of Wick's theorem
@ Can we make our algorithm have more favorable scaling with energy?

e Our algorithm requires N ~ poly(n,

flloc [15]]) samples
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Extensions

Our algorithm generalizes to a slightly larger class of states, and fails interestingly in other
places

@ Certain classes of states hide information from lower moments

@ Invariants and generalizations of Wick's theorem

@ Can we make our algorithm have more favorable scaling with energy?
e Our algorithm requires N ~ poly(n, ||f|| . |/S||) samples

e Applying (Bittel, Mele, et al. 2025), | think we get N ~ poly(n, ||f||. ,log|S|)
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Additional slides



Overview

© Additional slides
@ Theorem statements
@ Algorithm
@ Error analysis
@ Generalization of Wick's theorem
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Constant Fock theorem

Theorem

Suppose f = (b, ..., b) for some nonnegative integer b and let 1)) = Uw |F) for an unknown
unitary W € U(n) specifying an arbitrary passive Gaussian unitary. If our measurement ¢(*’ of

the moment matrix o*) for |¢)) satisfies Ha(‘l)’ = 0(4)H < e, then we can efficiently find a
V € U(n) such that

4\/§6n
V -WoP|| < ——
| Ih= b(b+ 1)

for some (irrelevant) diagonal unitary matrix ® and permutation matrix P. In particular,

g gt n B 4v/5en? /(b + 1)
SAL L ey

b+1
< )
as long as € < VT
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Passive theorem

Theorem

Let |v) = Uw |f) for an unknown unitary W € U(n) specifying an arbitrary passive Gaussian
unitary and an arbitrary Fock state |f). If our measurements o(®’ o(*)' of the moment
matrices 0(?), o(*) satisfy ||0(?t) — ¢(1)|| < ey, then we can efficiently find a V € U(n) and g
such that |V — WOP|| < ~, with

=5 <32\/§n2(3frﬁax ¥ 5fiax + 2) 4n) +2v/5eqn

for some diagonal unitary matrix ® and a permutation matrix P, and fy,x = max; f;.
Specifically, g is some permutation of f and P performs this permutation along with other
(irrelevant) permutations within blocks of equal g;i. In particular,

ool
f + >1— 7Y Tmax
ey lg)| > 1 — 2

as long as yfpaxn < 1.
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General theorem

Theorem

Let |¢) = Us |F) for an unknown symplectic matrix S € Sp(2n,R) specifying an arbitrary
Gaussian unitary and an arbitrary Fock state |F). If our measurements N A4 of the
moment matrices N, N#) satisfy ||[N?Y) — A2t)|| < 5., then we can efficiently find a

Q € Sp(2n,R) and g such that |Q — S®P|| < ~, where

max

v = (9(€§/8ezss/4n3+1/2 ’ o4 5465$nf2+1/2)

for some symplectic matrices ® and P that implement global phases and mode permutations,
fmax = max; f;, and s is the maximum magnitude of squeezing in S (that is, e* is the largest
singular value of S). Specifically, g is some permutation of f and P performs this permutation
along with other (irrelevant) permutations within blocks of equal g;. In particular,

[(Fl Ut |g)] > 1 — O(ve° nfinay) -
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Overview

© Additional slides

@ Algorithm
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Reducing the problem

31+ Ps 0

@ Easy to check that Re /\gl) = < 0 e p
bl f

) where Pr = diag{fi,..., fn}

o Suppose we know A and A perfectly. Note that A2 = S/\gl)ST
o We can symplectically diagonalize Re A to yield

Re A@ = Re SA{VST = Re RA{VRT
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Reducing the problem

31+ Ps 0

@ Easy to check that Re /\gl) = < 0 e p
bl f

) where Pr = diag{fi,..., fn}

o Suppose we know A and A perfectly. Note that A2 = S/\gl)ST
o We can symplectically diagonalize Re A to yield

Re A@ = Re SA{VST = Re RA{VRT
o Note that R # S, however R71S is passive, R71S € Sp(2n,R) N O(2n) =2 U(n)
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Reducing the problem, putting it together

o A = SADST and A® = (5@ SN (S @ 5)T

o Assume we know A®) and A®) perfectly (but S and f are unknown)
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Reducing the problem, putting it together

o A® = SAPST and AW = (S SN (S S)T
o Assume we know A®) and A®) perfectly (but S and f are unknown)
o From A, we learn R such that R™1S is a passive Gaussian unitary

o Therefore, R"INGRT and (R~! @ R~H)A® (R~ @ R~1)T correspond to the state
Uw |f) for a passive W

@ If we can solve the passive problem to learn W, then we reapply R and we will have
S~RW
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Reducing the passive problem

@ Now we just need to solve the passive problem

o Assume we know the moments o(?) and o) for Uy |F) where Uy is a passive Gaussian
unitary
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Reducing the passive problem

@ Now we just need to solve the passive problem

o Assume we know the moments o(?) and o) for Uy |F) where Uy is a passive Gaussian

unitary

@ This means that W € U(n) and o(?t) = W®ta(()2t) wiet
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Reducing the passive problem

@ Now we just need to solve the passive problem

o Assume we know the moments o(?) and o) for Uy |F) where Uy is a passive Gaussian
unitary

@ This means that W € U(n) and o(?t) = W®ta(()2t) wiet

Easy to check that 0(1) =1+ Ps

o If we unitarily diagonalize, we will find a U such that 0@ = WolP Wt = uslM Ut
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Reducing the passive problem

@ Now we just need to solve the passive problem

o Assume we know the moments o(?) and o) for Uy |F) where Uy is a passive Gaussian
unitary

@ This means that W € U(n) and o(?t) = W®ta(()2t) wiet
o Easy to check that 0(1) =1+ Ps

o If we unitarily diagonalize, we will find a U such that 0@ = WolP Wt = uslM Ut

o Note U # W, but UTW is block diagonal, [UT w, Pf} =0
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Reducing the passive problem

@ Now we just need to solve the passive problem

o Assume we know the moments o(?) and o) for Uy |F) where Uy is a passive Gaussian
unitary

@ This means that W € U(n) and ¢(?9) = W®ta(()2t) wiet

o Easy to check that 0(1) =1+ Ps

o If we unitarily diagonalize, we will find a U such that 0@ = WolP Wt = uslM Ut
o Note U # W, but UTW is block diagonal, [UT w, Pf} =0

@ The passive Gaussian unitary UTW does not mix modes with different initial Fock
numbers
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Reducing the passive problem, putting it together

Example
Suppose that f = (1,1,2,2,2); then Ufc® U and UT®25(4) U®2 correspond to a state

Wi 0
U, 11, 1) ® Un, 12,2,2), Utw = ( 01 Wz)
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Reducing the passive problem, putting it together

Example

Suppose that f = (1,1,2,2,2); then Ute@ U and UT¥25(*) U®2 correspond to a state

W 0
Una 11,1)) @ (Uw, [2,2,2)), UTW:(OI Wz)

Thus, if we can solve the learning problem for each state Uy, |f;,

.., f;), then we can reapply
U to learn W
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Reducing the passive problem, putting it together

Example

Suppose that f = (1,1,2,2,2); then Ute@ U and UT¥25(*) U®2 correspond to a state

Wi 0
Um 11, 1) ® Un, 2,2,2)),  UIW = < 01 Wz)

Thus, if we can solve the learning problem for each state Uy, |f;,

.., f;), then we can reapply
U to learn W

@ We have therefore reduced learning Us |f) to learning Uw |b, . .., b) for unknown
W € U(n) and known b € Ny

J. losue et al. (arXiv:2510.01610) Boson learning
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Applying higher moments

@ We have so far only used second moments (A(?) and o(?))

@ Note that A is only necessary for active Gaussian unitaries; o contains all the information
for passive

o If we were dealing with Gaussian states, this would be sufficient
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Applying higher moments

@ We have so far only used second moments (A(?) and o(?))

@ Note that A is only necessary for active Gaussian unitaries; o contains all the information
for passive

o If we were dealing with Gaussian states, this would be sufficient

@ But for us second moments are now useless — easy to check that for f = (b,...,b),
0(()2) =(b+ 1)

o Therefore, (@ = Wa((lz)WT = 082), so we learn nothing about W by measuring second
moments
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Applying higher moments

@ We have so far only used second moments (A(?) and o(?))

@ Note that A is only necessary for active Gaussian unitaries; o contains all the information
for passive

o If we were dealing with Gaussian states, this would be sufficient

@ But for us second moments are now useless — easy to check that for f = (b,...,b),
0(()2) =(b+ 1)

o Therefore, (@ = Wa((lz)WT = 082), so we learn nothing about W by measuring second
moments

So now we use fourth moments, o4
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Learning algorithm

Given the fourth moments o(#) = W®20(()4) W1®2 for the state Uy |b, ..., b), determine W J
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Learning algorithm

Given the fourth moments o(*) = W®2a(()4) W1®2 for the state Uy |b, ..., b), determine W J

@ Because 064) is a matrix on (C")®2, we can represent it in bra-ket notation using the
standard basis |1),...,|n) of C"

n

i=1
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Learning algorithm

Given the fourth moments o(#) = W®20(()4) W1®2 for the state Uy |b, ..., b), determine W J

(4)

@ Because oy is a matrix on (C")®2, we can represent it in bra-ket notation using the
standard basis |1),...,|n) of C"

064):(b+1) (I+ Uswap) — b(b+ 1) Z|// NONIE

o Denote the i*" column vector of W by |w;). Given access to o(*), we can thus form the
matrix

A= ( 1) ((b + 1)2(]1 + Uswap) — 0(4))

(Iwi) @ [wi))((wil ® (wil),
i=1
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Learning algorithm

Given access to a matrix A =>""_, (|Jw;) @ |w;))((w;| @ (w;
permutations)

), learn |w;) (up to phases and J
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Learning algorithm

Given access to a matrix A =>""_, (|w;) @ |w;))((wi| ® (w;]), learn |w;) (up to phases and
permutations) J

@ Unitarily diagonalize A and take the +1 eigenvalues — we learn the eigenspace
span{|wi) @ [wy) | i = 1,...,n}
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Learning algorithm

Given access to a matrix A= 1. (|wi) @ |wi))((wi] & (i]), learn |w;) (up to phases and
permutations)

@ Unitarily diagonalize A and take the +1 eigenvalues — we learn the eigenspace
span{|wi) @ [wy) | i = 1,...,n}

@ A numerical diagonalization routine will return the vectors

W) =D Uy lwy) @ |wj) = |Uyle" [wy) @ |wj)
j=1

Jj=1

@ The unitary U is totally arbitrary and unpredictable
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Learning algorithm

Y

Given access to a vector ;) = Y7, |U;|€l% |w;) ® |w;) with U, ¢ unknown and arbitrary,
learn |w;j) (up to phases and permutations)
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Learning algorithm

Given access to a vector |w;) = Z}':1|U,-j]ei¢0' |wj) ® |wj) with U, ¢ unknown and arbitrary,
learn |w;j) (up to phases and permutations)

@ Schmidt decomposition theorem: once we have |W;), the |Uj| are unique up to reordering

@ So we can perform the Schmidt decomposition (via SVD) to learn all the |w;) up to
phases

Subtlety: see Slide 42
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Learning algorithm

Given access to a vector |w;) = Z}':1|U,-j]ei¢0' |wj) ® |wj) with U, ¢ unknown and arbitrary,
learn |w;j) (up to phases and permutations)

@ Schmidt decomposition theorem: once we have |W;), the |Uj| are unique up to reordering

@ So we can perform the Schmidt decomposition (via SVD) to learn all the |w;) up to
phases

@ We define V to be the unitary matrix whose columns are precisely these learned vectors

@ By construction, V is equal to W up to a permutation of its columns and global phases
applied to the columns

Subtlety: see Slide 42
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Learning algorithm

From Slide 14

Given access to a vector |W;) = >, Ujjwj) ® |wj) with U, ¢ unknown and arbitrary, learn

|wj) (up to phases and permutations)

@ | had said we just perform the Schmidt decomposition

This only gives us the true |w;) if there is no degeneracy in the |Uj|

Draw O € U(n) Haar randomly, define [c;) = > . O; [W;) = >_;(OU);; |wj) ® |w;)

OU is also Haar random, so with probability 1 the Schmidt basis is unique up to phases

Alternatively, we show that by taking the intersection of the Schmidt decompositions of
all [w;), you uniquely get each |w;)
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Learning algorithm

@ In other words, we have learned the matrix V = W®P, where ® is some arbitrary
diagonal unitary matrix, and P is some arbitrary permutation matrix

o It follows that the state Uy |b...b) is the same as Uy |b...b) up to an irrelevant global
phase, thereby completing the learning algorithm
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Summary

Task
Using the moment matrices A®) and A®). learn @, g such that U |g) = Us |f) J
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Summary

Task
Using the moment matrices A®) and A®). learn @, g such that U |g) = Us |f)

o Step 1: Symplectic diagonlization of covariance matrix A, learn R such that R~1S is
passive, thereby represented by W € U(n)

o Create 0(® and o(®) from the moments R~IAGR1T and (R~1)®2AM)(R-1T)®2
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Summary

Task
Using the moment matrices A®) and A®). learn @, g such that U |g) = Us |f)

o Step 1: Symplectic diagonlization of covariance matrix A, learn R such that R~1S is
passive, thereby represented by W € U(n)

o Create 0(® and o(®) from the moments R~IAGR1T and (R~1)®2AM)(R-1T)®2
o Step 2: Block diagonalize 6(? to learn U such that UtW is block diagonal with Pg

@ For each block, create o(21) from that relevant block of UT®25(4) (y®2
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Summary

Task
Using the moment matrices A®) and A®). learn @, g such that U |g) = Us |f)

o Step 1: Symplectic diagonlization of covariance matrix A, learn R such that R~1S is
passive, thereby represented by W € U(n)

o Create 0(® and o from the moments R"*AGR=1T and (R~1)®2AB)(R-1T)®2

o Step 2: Block diagonalize 6(? to learn U such that UtW is block diagonal with Pg

@ For each block, create o(27) from that relevant block of UT®2(4) y®2

o Step 3: Apply the learning algorithm to each o(27), therefore learning V = Vi & --- & Vi
o Let @ be the symplectic matrix corresponding to the passive Gaussian unitary UV

@ Set Q@ — RQ
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Overview

© Additional slides

@ Error analysis
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Error in symplectic diagonalization

A positive definite matrix M can be symplectically diagonalized M = SDST = RDRT
o let M=M+E=RDRT
@ One can bound ||[D — D’|| in terms of || E||

e Of course it does not make sense to bound ||S — R'|| or ||[R — R||
e Eg ||S — R|| is not bound by | E||
o However, SST = RRT; ||SST — R'R'T|| can be bound

@ Using the bound on HSST — R’R’TH, we need to bound how far R'~1S is from a passive
Gaussian unitary

@ Bound how far (R'~1)®2A#(R'=T)®2 is from error-free passive moments, send into the
passive moments algorithm error analysis
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Error in passive diagonalization

U and W unitarily diagonalize the ideal ¢(®), U’ diagonalizes o(2)

Need to determine how far away Ut W is from any block diagonal matrix

@ This can be bound by ||[U'f W70'(()2)]||

@ Then bound how far U"T®25(4) J/¥2 is from error-free block diagonal moments, send into
the constant Fock algorithm error analysis
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Error in constant Fock algorithm

@ Track error in matrix diagonalization

@ Track error in Schmidt decomposition
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Overview

© Additional slides

@ Generalization of Wick's theorem
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Wick’s theorem

o Let (A) = Tr[pA]
o If p is a Gaussian state with zero first moments, then Wick's theorem says eg

(x1xox3x4) = (x1%2) (x3xa) + (x1X3) (x2xa) + (x1X4) (x2X3)
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G; states

@ Now let p be a G4 state

o Consider the following “algorithm” to compute sixth moments from the first four
moments
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G; states

@ Now let p be a G4 state

o Consider the following “algorithm” to compute sixth moments from the first four
moments

> Given the first four moments, learn the corresponding unique state, then compute the sixth
moments
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G; states

@ Now let p be a G4 state

o Consider the following “algorithm” to compute sixth moments from the first four
moments
> Given the first four moments, learn the corresponding unique state, then compute the sixth
moments

@ Can we do better? Some generalization of Wick's theorem?
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“Deriving” Wick's theorem

@ Because centered Gaussian states are fully specified by their second moments 0¥, their
fourth moment must be a function of the second, £(*)(c(*)
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“Deriving” Wick's theorem

@ Because centered Gaussian states are fully specified by their second moments 0¥, their
fourth moment must be a function of the second, £(*)(c(*)

o Of course it must be an equivariant function, (*)(5®25(*)) = 524y (4)(5(*)
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“Deriving” Wick's theorem

@ Because centered Gaussian states are fully specified by their second moments 0¥, their
fourth moment must be a function of the second, £(*)(c(*)

o Of course it must be an equivariant function, (*)(5®25(*)) = 524y (4)(5(*)

@ Such functions are of the form

@ (5*) = Z (e Po™®) @ o™

OES,

P, are permutations, and f,(5%2¢(*) = £, (¢(*)
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“Deriving” Wick's theorem

@ Because centered Gaussian states are fully specified by their second moments 0¥, their
fourth moment must be a function of the second, £(*)(c(*)

o Of course it must be an equivariant function, (*)(5®25(*)) = 524y (4)(5(*)

@ Such functions are of the form

@ (5*) = Z (e Po™®) @ o™

€Sy
P, are permutations, and f,(5%2¢(*) = £, (¢(*)
e For (x1xox3x4), must be permutation symmetric, so that
(xoxaxa) = F(o™) ((xx) (xaxa) + (xaxs) (xaxa) + (xixa) (xox3))

o How do we find f(o(*)?
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“Deriving” Wick's theorem |l

@ | don’t know how to determine it from this argument alone

For o(®, the only invariants are the symplectic eigenvalues

@ For a pure state, these are all 1

@ Thus, this simple argument almost gives us Wick's theorem for pure Gaussian states:

(x1xax3xa) o< (x1x2) (x3Xa) + (x1x3) (X2Xa) + (x1x4) (X2X3)

J. losue et al. (arXiv:2510.01610) Boson learning Generalization of Wick's theorem 25 /27


https://arxiv.org/abs/2510.01610

Generalizing

@ Can we generalize this type of argument to G; states beyond t = 27
@ The difficulty appears to be determining the invariant functions

@ For t = 2, there are very few invariants and they are easily understood (symplectic
eigenvalues)

e For larger t, there are more (this is something we characterize)
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Guess

@ The guess that comes from this argument is: eg for G4 states,

<X1 X2X3X4X5X5> = |:

A(c™, G T ((x1x0) (x3x4) (x5x6) + permutations)
+ H(c™, TG T®)) ((xx2x3%4) (x5x6) + permutations)
+ A(c™, G £®)) ((xx2x3) (xaX5x6) + permutations)

J
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